Method of Maximum Likelihood Estimation
Definition:

This method states that to consider every possible value that the parameter might
have and for each value compute the probability that the given sample would have occurred. If
that were the true value of parameter then value of the parameter for which the probability of a
given sample is greatest and is chosen as an estimate is called Maximum Likelihood Estimate
and the procedure is called Maximum Likelihood Estimation.

Procedure:

First of all take the likelihood function of the p.d.f then take log of the likelihood
function. Then partially differentiate log likelihood function with respect to parameter and put
equal to zero. Then obtain the estimate of the respective parameter

i.e.

dlog L(x)
o0

0

Then obtain 6
Note:

Every distribution by likelihood is partially differentiated with respect to its parameter

separately. Then we get the respective parameter estimate. if & is the MLE of the parameter &
then its variance is given by
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Properties of MLE:
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Maximum Likelihood Estimators are consistent.

Maximum Likelihood Estimators are approximately normal such as n—c MLE
becomes normal.

ML estimators are most efficient and variance of MLE becomes zero asn— oo.
If a sufficient estimator exists it can only be form by method of Maximum Likelihood
function.

MLE are the function of sufficient statistic.

MLE are invariant under functional transformation.

MLE can only be obtained when density function is given.

ML estimators are not only unbiased.

Maximum Likelihood Estimators are consistent.

. Maximum Likelihood Estimators are approximately normal such as n— o MLE

becomes normal.

ML estimators are most efficient and variance of MLE becomes zero as n — oo.

If a sufficient estimator exists it can only be form by method of Maximum Likelihood
function.

MLE are the function of sufficient statistic.

MLE are invariant under functional transformation.

MLE can only be obtained when density function is given.

ML estimators are not only unbiased.



Question#1

Suppose X=4 are fixed then by binomial formula the probability of x=4 when
n=10.given that

F(4,10,P) =C.*P*q°
Obtain the MLE for P
When

P=0.00,0.108,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0

Solution
No P F(4,10,P) =C.*P*q°®
0 0.00 0
1 0.108 0.0144
2 0.2 0.0880
3 0.3 0.20012
4 0.4 0.2508
5 0.5 0.2050
6 0.6 0.11147
7 0.7 0.03675
8 0.8 0.005505
9 0.9 0.00013778
10 1.0 0

We see that at P=0.4 has maximum probability therefore P =0.4 is MLE for P.

Question 2:

Let X, X,, X,,...., X, be arandom sample from the density f(x; )= (8 +1) X°
. Find the MLE for ¢ 8°. Also find variance.

As given that
f(x;0)=(6+1)X*

Taking likelihood function

(4

L(x;0) :(9+1)”ﬁ X



Taking log function
log L(X;0) =nlog(6+1)+6>_log X
Differentiate with respect to “0”

dlog L(X;0) _.n
00 0+1)
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Again differentiate with respect to “0”to eq (A)
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0% log L(X;6)

n(@+1)*
Y (60+1)
Taking expectation on both sides

0% log L(X;Q)]:_ n
06° (6+1)?

El

Now,
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Required result

Question no 3:

Let X,, X, Xz X,

MLE for ¢ @°. Also find variance.

As

f(x;0) = %e"

Taking likelihood function

1 _Zx
L(x; &) =(5)”e 0

Taking log function

1, XX
log L(X;#) =nlog (~)———Ilog e
g L(X:;0) = nlog ()= ~log

log L(X:6) = -nlog 0—%

Differentiate with respect to “0”

dlog L(X;0) _ ny XX
00 B (9)+ 0? >

be a random sample from the density f(x; 8) :%e_e. Find the



Again differentiate with respect to “0” to eq (A)

o*logL(X;6) ,n, 2Xx
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Taking expectation on both sides

0% log L(X; )

E
T

n
1= —(?)
Now,

1
9% log L(X;0)
00?

var(6) =

—E[ ]

var(6) =

n
)



2

var(f) = %

This is the required result.

Question no 4:

Find an estimate of for a given density f (x;a) = % (@=X) gy forasample of size
o
‘2’by using method of moments.

Given the following p.d.f
2
f(x;a)=—(a-x)0<x<a
(04
Generally resolve it with the help of order statistic because the parameter involve in the interval

of p.d.f.

0< Xy <Xy <a

SO

a:X(z)

Method of moments:

By definition of sample moments

M’ = E(X)"
M ==X
n

By definition of population moments
Hy =E(X)'

t=E(X)

E(X)= Txf(x)dx



Compare M; and g

Z%:%
Si%zd

X=a

Question no 5:

A random sample of size ‘n’ is drawn from a uniform or triangular or

rectangular distribution having density function f(x, 5) :% 0<x<p

=0 otherwise



Find MLE for 5

Given p.d.fis
1

f(x,f)=—

(x, 5) 5

Since parameter £ is involve in the upper limit of density function therefore we cannot find
MLE of £ by using real procedure so we can use order statistic to find MLE of 8 .In this
regard

i.e.
O0<X, <X, <X;<...< X, <p

So MLE for g

A

ﬂzx(n)

Question 6:

LetX,, X, X,...X, be arandom sample from the density of —ve exponential f (X;6) =6 .
Find MLE for 0 and also find its variance.

Question 7:

2

If f(X;0)=6"% X>0then show that éz% and var =2
n

Solution

As
f(X;0)=6""
Taking likelihood function
L(X;6) = 8" 2"
Taking log function

log L(X;6) =nlog 6—6> X



Differentiate with respect to “0”

Olog L(X;0) n

= E—ZX —(A)

Again differentiate with respect to “0”to eq (A)

d%log L(X;6) __n

+0
06? 6?

Taking expectation on both sides

0% log L(X;6) n
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var(d) = 9
n

Question 8:

A random sample of size n is taken from a normal population with mean and variance
(u,0?) o*

is unknown obtain the MLE of” p”. Also find variance of estimator.

Solution
Given that
X ~N(X; u,0%)
1 X-uy
f(x) = 12 e? ¢ —om<X <w
O

Taking likelihood function

1 ., Y (Xw?
)'e 20
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1.0 T oewy?
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L(X) =(

L
e

Taking log function

1 n 1
log L(X)=nlog —— ——log o — X — 1)?
og L(X) nogﬁ 2090 2022( 1)

Differentiate with respect to “p”

dlog L(X)
ou
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Again differentiate with respect to “u

0*log L(X) _-n

2 2

ou o
Taking expectation on both sides

0% log L(X)] _-n

E I
[ ou’® o’
Now,
. 1
var =
() e 09 LX),
ou’
1
~(12)
2
var(iz) =<
n

This is required.
Question 9:-

A random sample of size ‘n’ is taken from a normal population (,5%). Obtain the MLE of

'u"and '6%" find variance & covariance.
Given that

X ~N(X;u,6%)



L (xeuy?

f(X)zé—ew2 — 00 < X < 400

J2r

Taking likelihood function

1 B %
L(x) = ( )'e 2
B O\ 271
L) = (= : (=) o
et Werx

Take log likelihood function

1 2
Log L (x)=nlog (%)-nm log 67 - WZ(X — i) A

Differentiate with respect to “p”

dlog L(X)
ou
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Again differentiate with respect to “p”

0*log L(X) _-n

2 2

ou o

Taking expectation on both sides
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Now,
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0% log L(X)]
ou’

var( ) =
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Now again differentiate with respect to & to equation (A) and put equal to zero.
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Now again differentiate with respect to5° to equation (C)

o*logL() _ o* [X(x-w?® n |
(6% a(s?)?|  25° 252

o*logL() _ o* [X(x-w?® n |
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o(52)? 25% 54 25% 257

Apply expectation on both sides.

0° log L(>_<)) _-n

E(

o(s?)* ~ 25*
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@ log L,
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For Covariance:-

9 log L(x) Z_[Z(X—ﬂ)} :_[2x—ny}
ou 852 5 5

02 log L(x) _{n,u—Zx}_ nu—nX
ou 052 5 5

o%log L(x)
du 052

Question 10:

Obtain the MLE of the unknown parameter from the density
1
f()=(

P or

Where P is unknown and also obtains the variance of the estimator.

) X p—1 672



LetX ~G(P19)

x

L yxrieo

f =
09 = (55 5

Taking Likelihood Function

> X

L0 = (=)' [ X" e @

G

Taking log likelihood function

log L(x) = nlog %—nlog 6 +(P-1)>log x —%

> X

log L(X) = nlogip—nPIog +(P-1)2>log x — 7

=

Differentiate with respect to ¢ 9’ and put equal to zero.

0o 0 6°

Sx_nP
6* e

x
nP
x
p
Now again differentiate with respect to'@" equation (A)

O =



d*lgL(x) _nP 2¥x
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Note:

If the parameter for which are find the MLE involve in the limits we cannot find the MLE by
using the real procedure. If parameter involve in the lower limit then find first order statistic is its
MLE. If parameter involve in the upper limit then nth order statistic will be its MLE.

Question 11:-

Given the density of raliegh distribution f(x) = /1—22(x —u)e * U< X< oo

Obtain the MLE for g and A.

Solution:

For u:



Now in the given density limit parameter w is involved in the lower limit. So & = X, is its
MLE.

For 4 :

2 ~(XAy
f(X)=?(X—ﬂ)e *
Taking likelihood function

n X—H\2

2" ] G
L) = [JOx-me 7
i-1

Taking log likelihood function

2
log L(x) = nlog 2—2n|ogz+2|og(x_ﬂ)_2(x/l+,u)

Differentiate with respect to ¢ 1’ and put equal to zero.

dlogL(x) _ _2n  2>(x—u)°
oA 2 2

_2X(x-m)* _2n

0
A A

2n _ 23(x— )’

A A3

2 X(x-p?

AN

/12 — Z(X_:Ll)2
n

_ 2
A= ,/Z(XTM This is required result.



Question # 12

A random sample of size ‘n’, on independent observation is drawn from the

Following density

f(x:a,pB)=

a<x<p

Find MLE for & & 2

Given p.d.f

f(x:a, f)= 1 a<x<p
f—-a
Since the given parameter involve in the range of density therefore we cannot find
MLE for r & /7 py sing real procedure. In this regard to find MLE for & & 2 |
i.e
A < Xy < Xy < Kgpoerwwnrnnnnns <Xm <pB
So the given MLE or estimators for <¥ <= /F
Xa) = & X = f
So the first order statistic is MLE for® and n" order statistic for #

Question #13

Let X1 ,X2 ,X3, ...,Xn be a random sample of size ‘n’ drawn from a
Bernoulli distribution with p.d.f

1

f(x;p)= [(X:) p*L-p)” x:0,1

Take likelihood function

L(x; p)= n(éj P @-p)" "



Take log likelihood function

log L(x; p)=>log ((1:) +> xlog p + (n— ZX)Iog @-p)
Differentiate w.r.t ‘p’

Iongp ZX —Z (—1)

op p 1-p
X _Nn-D.x
p 1-p
o 2x-p)-ph->x)
p(l-p)
=) X=pD_X—np+p> X
np=>Y X
ng
n
p=X
Question # 14

Given the C.d.f of logistic distribution
F(x)=f+e @] —o<x<w
Obtain MLE for o

AS

F(x)=[+e ]

2

Differentiate w.rt ‘X

o ()
axF(X)_dx[1+e ﬂ"]



[1+e “*"”X)] (O+e “+ﬁxx 5)

—2

_ ,Be—(a+ﬂ)[1 +e—(a+ﬁx)]

Now its likelihood function is

Now taking log on b.s
log L(x; B)=nlog B—> (a+ pX)loge+ > log [+ e tem]?
Now differentiate w.r.t, o

dIogL

a+/3x
G O

7aﬁx

”—ZZW]

Taking log on b.s

~ 1+ e (@) J

N
G- a>ire s

We differentiate w.r.t < g

alnﬁ_ﬂ_o Sy_oy_ L1
1+

op B

e ‘“ﬁ) e "(=x)

Xe_(a+/3x)

:E_ZX+22 @)
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Question no 15:

Let X,, X,, X;,..., X,, bearandom sample from the distribution with p.d.f
f(X;0)=0*(X+)(1-6)" 6:0,1

Calculate @" the MLE of @ . Use MLE to construct 90% C.l for &.

Where E(X) = 2d=0)
7]

SOLUTION:

Given p.d.f is

f(X;0)=6%(X +1)(1-6)"
Take likelihood function
L(X:0) = 67" i7Zzl(x +1)(1—6)%
Take log likelihood function

log L(X;6) = Iog{@z” i7:z1(X +1)(1_9)Zx}

log L(X;8) =2nlog 6 + > log( X +1) + > X log(1- &)
Differentiate with respect to * @~

olog L(X;6) _2n . > X
oo (7 a-—o

D

_ 2n > X 5 (A)
Z] a—6)




_2n@A—-0)—0> X
a o@1—0)

0]

0=2n-2n0-6 X
0=2n-2n0—6h X
0=-n(-2+20+86X)
2=20+60X

2=002+ X)

2

éz—,
2+ X

Again differentiate with respect to * &’ to equation (A)

o% log( X ;60) 2n > X
= —1
262 o7 Ta_oy Y
__2n 2> X
2 @A—-0)?

Applying expectation on both side

E o%log L(X;0) | 2n  nE(X)
062 02 (1—-06)2

__2n n@A—-—0)/0)
A A—09)2

_ _2n  2n
o> 0@1-0)

_ —2n(A—-0)—2no
a 021 — 0)

_ —2n+2n6 —2nd0o
o°1—0)




E[az log L(X;H):|: 2n

062 021 —-0)

Now
var(6,;) = — > 1

_ gl @7 1og L(X;0)

o6°7°
L 1
o 2n
o%2@A— )

2

var(@) = o°a-9)
2n

The 100 (1-a)% C.I for 6
O+7Z,S.E(9)

The 90% C.I for 6

~— _
O +1.645 COM k2]
2N

2 )2 __ 2 <
2_11.645 (22 +X)"(A— 25+ X)
2+ X 2N

Which is required result.

Question No 16:

Let ‘X’ be a random sample with p.d.f
(X ) = e e

Suppose that random sample X, X, X,,..., X,, is available from the distribution show that MLE
for u is



fa=-In(n"e )

If n is large use the generally large proportion of the MLE to construct an approximate
100%confidence interval for ¢ Evaluate the interval if o =0.10,n=100, sz =0.05

Let the given p.d.f
F(X; ) = e e O

e—(X;w)

— e_(x _/u)e_

Take likelihood function

L(X ) . ;[e_(x_/l)e_e—(X—ﬂ) ]
M) = i—1

_ [e—Z(X—u)e—Ze_(x_”) J

Take log likelihood function

log L(X; 1) =—>2(X —w)loge—>e ¥ “loge
=—>X+nu—-Xe ¥

Differentiate with respect to u

olog L(X; )
ou

=n-Ye “e* > (A

=n—Xe X ()

Equating to zero
O=n-Ye e

n=>e *e#



e n

T Tex
1 >e
et n

e =n'Ce )
Taking log on both sides
—u= [nfl(Ze’X )]

fa=-1In [nfl(Ze’X )]

Which is required MLE for * x4’

Again differentiate with respect to * 1’ to (A)

d?In L(X; ) « .o et = n d?In L(X; )
- VA NeaheH - X
de® z Ze de’
=-Nn
Applying expectation
2 -
E[a In L(ZX,/J)J -~ n
e)2;
Now
. 1
var =—
U0 T T o7 log L(X:40)
o’
var( i) = =
n

The 100(1- & )% C.I for u

a+Z,, S ED)

The 90% C.1 for’ i’ is




1

0.05+=1.645 —
100

O.O5il.645i
10

(—0.1145,0.2145)

We are stating that 90% C.I starts from (-0.1145) to (0.2145) shall contain the true value of
population parameter

Question No 17:

Given that

f(X; p0) = e om0
Obtain the MLE forr and

Where

e—&,u — ize—&Xi
N
The given p.d.fis

f (X . /Ll) = ae_“(x—u)—e—a<><—m

Take likelihood function

—a (X—u)

I_(X . /J) — nge—ch(X—,u)e_Ze
Taking log likelihood function

log L(X; ) =nlog & —ax 2 (X — ) —X e “

—nlog ¢ —aonX +onu —>e X " —(X = )



=—X +u
Differentiate with respect to «

5'09 L(X,/J) :ﬂ_ni_knﬂ_ze—a(x—,u)(ﬂ_x)

ox o

=£—n)?+ny—2e‘“xe““(,u—X)
(04

@] J— ~ s s
=——nX +nu— e > e ™ +e*>e X
(04

:g—nfjuny—e““(,&Ze‘&x +> Xe ™)
(04

Hint:
e—a,u — ize—aXi
N

g 1

S e T e e

n — n ~ —& _&

o >.e
- —aX
olog L(X; 2) :g_ni+n#_n(ﬂ_ZXe: _
80( o4 zefaXI
—axi
Ozi,\—n)?—i—n,u—n/fz—l—nm%
& > e “
—axi
& > e “
n . Xefo?Xi
& XS



—aXi
1_x_xzXxXe ™
(4 > e “

)

Again differentiate with respect to © & * equation (A)

0% log L(X; 1)
ou

noa=qg> e

—0-0+na—a>e ™

n=>e “e™

ea,u — N
Ze—ax
—aX
e ¥ = e
n

e—a,u — n—l (Z e—aX )
Applying natural log on b.s
—ou=In [n‘l(Z e )]

o —mn[n*>e |

(& 4

Which is required MLE for’ ¢’

Question NO 18:

A

Obtain the MLE for #° and @ from the density of Raleigh distribution. Also show that 0% is
most efficient and sufficient and MVBUE?

Solution:

As we know that



.I: (X) — 20_>2<e_(%)2

Taking likelihood function

2" n 3 (%))?
L(X) = S5 77 Xe %o

i=1

Taking log likelihood function

n n

log L(X) = Iog[;n I Xez%)z}

i=1
=log 2" —log &°" + > log X —>(%4)?
=nlog2—2nlog @ +>log X —> *x°/,
Differentiate with respect to &

dlog L(X) :O—@+22X—2
00 0 6®

MLE for 62

A2 2
0 =ZX
n

MLE for @



/\_ 2x2

n

For unbiasedness

A2 2
2EXD) Er(]x ) - E(x?) =6

E@ )=

_ n@?

B n

E(HAZ):92

And

£6) = E[ ZXZ}

n

E©O) =6

0? is an unbiased estimator of #*. As invariance and unbiased property cannot be satisfied on
. In general @ is biased estimator for 4.

For MVBUE:

f(X)= Z—Z(e_%)z

Taking likelihood function

2n n Xe_z(%)z

L(X) =

(X) o7 7T
Taking log likelihood function

log L(X) = log| 2 - Xe =0%"
og L(X) = log o7 7C %€

—log 2" —log %" + > log X —>(%4)?



=nlog2—2nlog & +>log X —> %/,

Differentiate with respect to 6

2
—aIOQL(X):O—@+O+ZX—3
oo 0 o
2
__2n 2%X
0 6°
2n| X X2,
=— -0° |- (1
AR

As we know that

dlog LX) 4 5
S8 wolo-r0)]- @

Comparing equation (1) and (2)

,7(0) = 6° ,7'(0) =26

6? is sufficient statistic and is the MVBUE.



Theorem.

Prove that asymptotic property of MLE?

OR

MLE tends to normality as n — oo

OR

Show that for n — oo than MLE follows normal distribution.

Let we have a likelihood function L(X;8) and assuming that its derivative exist.
We know that

J--fr(x:e>d < =1

Partially differentiate with respect to <6’

—D’ f (< edd x]— =5 @
I%I L(X;:;2)d X = O
J’J’% L(X;0)d X —O0

IS, L(X ;&) __
|-- J'—l_(x Q)L(X;g)d)_(—o

o
I-f |_(x;.9) o0

o i i _
J’...j%m L(X;0)L(X;0)d X =0

= - —

L(X;)L(X;0)d X =0

Now using Taylor Theorem we get

o _ [ e _ - 82 1In L(X;0)
[5 In L(X,B)]é _[ae In L(X,@)L + (O 90)[ g L > (B)

Where 6" is the same value between 4 & 6,




oln L(X;B):

As 6 (MLE) is a solution of =

0

Then equation B will be

| o ] 5 0% In L(X;60)
O_[aa In L(X,H)L0 + (6 6?0)[ 507 L* — (C)

As n — oo each converges to its expectation by the law of large number

n _)Oo(aén L) _ E[aln L} _0

o oo
And
2 . 2 .
q _)00(5 In L(ZX,Q)) _ E[a In L(ZX,H)} 0
o0 o0

6 — 6, converges to zero as N — oo it means that @ is consistant estimator of 6.

Now consider equation (C)

_[aln L] =(é—90)E[62 In L(ZX;H)J
a0 |, 20 "

[aln L(X;H)]

6 —06,) o0
— Y ) = 2 ;
_E[a In |_(2x,9)}9*
o0
[aln L(X;Q):|
(é_go): i =

\/_ E[az In L(ZX;H):|\/_ E[az In L(ZX;H):|
20 o0



|:6In L(X;Q)J
o6 o

- o= — (D)

e[ 221 L(X;0) 1
- 2002 \/_ E[az In L(X;Q)J

067

By central limit Theorem

[c’?ln L(X;H)J

oo

~S.NV
o°In L(X;60)
— E >
oo
So equation (D)
o — o,
T ~S.NV
\/_ E[az In |_(2x;¢9)}9*
o6
i.e
6~N|é,, 1 0"
_E 8%In L(X;0)
)

Required result






